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Crystallographic refinement has two purposes:

1.  Fit atomic model into observed X-ray crystallographic data
Model should agree with the observed data

Model must be chemically and structurally sensible 

2.  Calculate best possible electron density map 
Allowing the atom model to be visualised, criticised and analysed

Purpose of Refinement 



Purpose of Refinement 

+ 

Data Atomic model Fit and refine



Different types of data:

1.  Amplitudes of structure factors from single crystals:  
Observed amplitudes: |Fobs| 
Estimated uncertainties:   σobs 

2.  Intensities/amplitudes from “twinned” crystals

3.  SAD – amplitudes available for |F+| and |F-|

4.  Amplitudes available from multiple crystal forms

Crystallographic Data 



We have observed amplitudes: |Fobs|
But we don’t have phases:  φ

Suppose we have a starting model:

Model Refinement 

Fcalc

calculated model structure factor

|Fcalc|, φcalc
FFT

Idea:
Iteratively improve the model, optimising the agreement between |Fobs| and |Fcalc|
Purpose: improve phase estimates: φcalc



Idea:
Iteratively improve the model to optimise the agreement between |Fobs| and |Fcalc|

Note - we are not actually refining against a density map

We are optimising the agreement between |Fobs| and |Fcalc|

How to assess success, model quality?

R-factor:

Model Refinement 

R = 
Fobs − Fcalc∑

Fobs∑



Refinement essentially tries to minimise the R-factor

How do we know that the model is reliable?

What if we improve the amplitudes |Fcalc| but worsen the phases φcalc?

Such overfitting can happen if there are too many parameters

How to validate? 

•  Rfree – reserve a portion of data for cross-validation (usually 5%)
•  Chemical & structural validation – ensure that the model is physically sensible
•  Inspect electron density map – manual intervention

Model Refinement 



REFMAC outputs coefficients for two types of maps:

•  2Fobs-Fcalc : “standard” electron density  - represents crystal contents
•    Fobs-Fcalc : difference density  - represents differences

Maps are calculated using phase estimates from the current model: φcalc

Warning:

Note – contrast with Coot real space refinement, and REFMAC5 cryo-EM refinement

Map Calculation 

 Model updated 

  φcalc updated

 Density changes	



Twin Refinement 

Need to deal with polysynthetic OD-twin during refinement
Twin refinement in REFMAC5 is automatic

A single crystal can 
be cut out of the twin:

twin

yes

polysynthetic 
twin

no



Twin Refinement 
Example: Where’s the density for my ligand (2.15 Å)?

R/Rfree	=	25.5/26.9%	
	

After	initial	rigid	body	and	
restrained	refinement		

	

R/Rfree	=	15.9/16.3%	
	

Re-refine	with	twin	on		
(twin	fractions:	0.6/0.4)	

Thanks to Ben Bax

Fo-Fc	(3σ)	



Twin Refinement 
Warnings about twin refinement and R-factors:

R-factors for random structures (no other peculiarities):

Twin Not Modelled Modelled 

Yes 0.49 0.41 

No 0.58 0.52 

Murshudov GN (2011) “Some properties of Crystallographic Reliability Index – Rfactor: Effect of Twinning”
Applied and Computational Mathematics, 10, 250-61.



We now know:
•  What sort of data we have
•  How to assess model quality
•  How to get phase estimates from the current model
•  How to calculate electron density maps
•  How to deal with twinning

So what is the model, and how do we refine it?

Model Refinement 



Standard refinable parameters

Atomic model:
•  Position – (x,y,z) coordinates
•  Uncertainty – B-factors
•  (Occupancies)

Overall parameters (scaling)
•  Overall B-factor (and anisotropic U)
•  Solvent treatment

Note – different to data anisotropy (which is dealt with during data processing)

Model Parameterisation 
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Standard refinable parameters

Atomic model:
•  Position – (x,y,z) coordinates
•  Uncertainty – B-factors
•  (Occupancies)

Overall parameters (scaling)
•  Overall B-factor (and anisotropic U)
•  Solvent treatment

Note – different to data anisotropy (which is dealt with during data processing)

Model Parameterisation 



TLS Groups 
Describe rigid body motion – e.g. for chains/domains/subunits

Suitable for medium/low resolutions, when full anisotropy is impossible

Per group (20 parameters):
•  Translation – 6 parameters

•  Libration – 6 parameters
•  Screw rotation – 8 parameters

Refined as a separate step

•  Auto: one group per chain

•  Define groups manually
•  TLSMD webserver: http://skuld.bmsc.washington.edu/~tlsmd/



Problem:
•  Observed and calculated amplitudes need to be brought to the same 

scale so that they can be compared

Need to: 

•  Modify/scale Fcalc

•  Find a scaling function, with some parameters – “overall parameters”

Scale parameters are optimised in ML refinement, along with all other parameters

Overall Parameters: Scaling 



Want to find some parameters that allow scaling of Fcalc 

in order to better agree with Fobs

     k Fcalc

Overall Parameters: Scaling 

k : overall scale factor



Want to find some parameters that allow scaling of Fcalc 

in order to better agree with Fobs

k e-Bs² Fcalc 

Overall Parameters: Scaling 

k : overall scale factor
s : reciprocal space vector
B : overall B-factor
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Want to find some parameters that allow scaling of Fcalc 

in order to better agree with Fobs

    k e-Bs² e-sᵀUs Fcalc 

Overall Parameters: Scaling 

k : overall scale factor
s : reciprocal space vector
B : overall B-factor

U : anisotropic B-factor

But what about the unmodelled solvent regions?

Problem: Our Fcalc only corresponds to the ordered regions (protein)



Mask-based bulk solvent correction

Idea:
•  Protein region is masked out
•  Solvent region is flattened (set to constant)
•  Structure factors for solvent are calculated: Fsolvent

Overall Parameters: Scaling 

S

Ftotal = Fprotein + kFsolvent

k e-Bs² e-sᵀUs (Fprotein + kFsolvent)
k0 : overall scale factor
B0 : overall B-factor

U0 : overall anisotropic B-factor

k : solvent scale factor



We now have:
•  Data – to refine our model against
•  Parameters to refine - describing the model

Model Refinement 

How do we refine the model?



REFMAC uses a Maximum Likelihood approach

Model Refinement 

Crystallographic target functions have two components: 

likelihood of the data probability of the model

ftot = wfxray + fgeom

We have:
•  Data – to refine our model against
•  Parameters to refine - describing the model

We also need prior knowledge (restraints)
These help ensure chemical and structural integrity



Standard restraints (used by default) include: 
•  Bond lengths
•  Angles

•  Chirals
•  Planes

•  Some torsion angles
•  B-values
•  VDW repulsions

These help to ensure that the model is chemically sensible

Note – we generally deal with restraints, not constraints

Restraints 



1.  Macromolecules consist of atoms bonded to each other in a specific way

2.  Oscillation of atoms close to each other in 3D cannot be dramatically different

3.  If there are two copies of the same molecule present then they will likely be 
similar to each other

4.  If there are two molecules with sufficiently high sequence identity then it is 
likely that they will be structurally similar

5.  Proteins tend to form secondary structures

6.  DNA/RNA tend to form base-pairs, stacked bases tend to be parallel

What do we know about Macromolecules? 
Introduce additional restraints based on our knowledge:

Specified by current state of the model

B-factor restraints, TLS restraints

NCS restraints – local/global depending on resolution

External restraints to homologous structures - ProSMART

Generic H-bonding restraints - ProSMART

Generic base-pair and stacking restraints - LibG



Why introduce so many restraints?

Answer: to improve the observation:parameter ratio.

Restraints 
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Answer: to improve the observation:parameter ratio.

Restraints 

Example: Fitting a line y = a + bx

Can fit a line

Line is unreliable

Overfitting	
Model	Bias	
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Restraints 

Example: Fitting a line y = a + bx

Insufficient 
observations!

Unstable
refinement

Ill-posed	
problem	



How to improve the observation:parameter ratio.

1.  Reduce number of parameters

For each atom:
•  Coordinates – 3 parameters
•  B-factor – 1 parameter

Restraints 



How to improve the observation:parameter ratio.

1.  Reduce number of parameters

For each atom:
•  Coordinates – 3 parameters
•  B-factor – 1 parameter
•  Anisotropic U – 5 additional parameters

Restraints 



How to improve the observation:parameter ratio.

1.  Reduce number of parameters

Med-low resolution  : Isotropic B-factors - 4 params per atom
High resolution : Anisotropic B-factors - 9 params per atom

•  TLS – 20 additional parameters per group
•  Rigid body refinement – 9 parameters per body

Restraints 



How to improve the observation:parameter ratio.

1.  Reduce number of parameters

2.  Increase number of restraints

Restraints 

Particularly useful at low-resolution:

•  Reflection intensities often noisy
•  Limited data - poor observation:parameter ratio
•  Refinement becomes unstable
•  Overfitting – R-factors diverge



Regularisation 



Regularisation 
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z = (x + y)2 + (| x − y |−4)2Example:

Regularise using prior information: | x − y |= 4



Regularisation 
Use of available knowledge (prior information):

High-low resolution:

•  Geometry restraints (chemical information)

Medium-low resolution:

•  Local NCS restraints
•  B-value restraints

•  Jelly body restraints

Low resolution (and medium-low resolution model building):

•  External restraints
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Regularisation 
Use of available knowledge (prior information):

High-low resolution:

•  Geometry restraints (chemical information)

Medium-low resolution:

•  Local NCS restraints
•  B-value restraints

•  Jelly body restraints

Low resolution (and medium-low resolution model building):

•  External restraints

Regularisers without an external target value



Jelly Body Restraints 
Regularisers without a target:

Does not change likelihood function.
Does not change derivative.
Does change 2nd derivative - curvature.

Model should be less prone to fitting into noise

Should only work if parameters are near the minima (model is good)
Typical:  σ = 0.01–0.02
Distance threshold:  4.2Å
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d : interatomic distance

dcurrent  : current interatomic distance

σ   : restraint standard deviation

f = 1
σ 2

d − dcurrent( )
2

close atom pairs
∑ = 0

∂f
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=
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Injection of prior knowledge to aid new structure determination

•  External	Restraints	from	homologous	structures	

Ø  Protein	or	nucleic	acid	chains	

•  Hydrogen	bond	restraints	

Ø  Protein	backbone	

•  Generic	self-restraints	

Ø  Everything	–	protein,	nucleic	acid,	ligand,	water

•  Structure	analysis	

Ø  Alignment	&	comparison	-	helps	analyse	differences	between	models	

Independent of global conformation

ProSMART 



3g4w – 3.7Å

Prior information:

2.8Å

ProSMART External Restraints 

Stabilises	structural	features	



External Restraint Generation 

structure to be refined  known similar structure (prior)

(abstract representation of an atomic model;  circles = atoms)



d r

External Restraint Generation 

structure to be refined  known similar structure (prior)

(abstract representation of an atomic model;  circles = atoms)



d r d    Ν(r,σ2)~	

External Restraint Generation 

structure to be refined

(abstract representation of an atomic model;  circles = atoms)



ProSMART Restraints 



ProSMART Restraints in Coot 

Full chain refine
Multi-threaded

  Red: long
  Grey: similar
  Blue: short



ProSMART Restraints in Coot 

Full chain refine
Multi-threaded

  Red: long
  Grey: similar
  Blue: short



Robust Estimation 



Robust Estimation 

Cyan: original



Robust Estimation 

Cyan: original
Green: homolog



Robust Estimation 

  Red: long
  Grey: similar
  Blue: short

Cyan: original
Green: homolog
Yellow: refined



Robust Estimation 

Cyan: original
Green: homolog
Yellow: refined

  Red: long
  Grey: similar
  Blue: short



LibG Nucleic Acid Restraints 
Base-pair restraints  Parallel plane restraints



LibG Nucleic Acid Restraints 

Visualise & edit in Coot

  Red: long
  Grey: similar
  Blue: short



Motivational Example 

1ryx – 3.5Å

Low-resolution refinement:

Weak signal
Noisy data

Unstable refinement

Result:
Poor quality model

Ovotransferrin



1ryx – 3.5Å     2d3i – 2.15Å

Ovotransferrin    High-resolution homologue

Motivational Example 



Models don’t superpose well

Ovotransferrin

Motivational Example 



Example: Ovotransferrin 

1ryx (3.5Å)



Example: Ovotransferrin 

  Red: long
  Grey: similar
  Blue: short

1ryx (3.5Å)
restrained to
2d3i (2.15Å)

Restraints:
  Backbone
  Side chains



Example: Ovotransferrin 

  Red: long
  Grey: similar
  Blue: short

1ryx (3.5Å)
restrained to
2d3i (2.15Å)

Restraints:
  Backbone
  Side chains

After re-refinement
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Original Structure
R/Rfree : 0.286/0.330

External Restraints 
Ovotransferrin



Original Structure
R/Rfree : 0.286/0.330

Re-refined with External Restraints
R/Rfree : 0.263/0.307

External Restraints 
Ovotransferrin



1.3σ

Original Structure
R/Rfree : 0.286/0.330

ê

External restraints
(40 cycles)

R/Rfree : 0.263/0.307

External Restraints 



Original Structure
R/Rfree : 0.286/0.330

ê

External restraints
(40 cycles)

R/Rfree : 0.263/0.307

ê

Modify
Real Space Refine

ê

Jelly body
(40 cycles)

R/Rfree : 0.253/0.304

1.3σ

External Restraints 



Original Structure
R/Rfree : 0.286/0.330

ê

External restraints
(40 cycles)

R/Rfree : 0.263/0.307
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Original Structure
R/Rfree : 0.286/0.330

ê

External restraints
(40 cycles)

R/Rfree : 0.263/0.307

ê

Build TYR92
Modify LYS209

ê

Jelly body
(40 cycles)

R/Rfree : 0.252/0.307

1.3σ

External Restraints 



When refining at low resolution, check:

•  Refinement statistics

•  Geometry

•  Electron density

-  Not always conclusive

-  Not always conclusive

-  Not always reliable

External Restraints 

Conclusion: At low resolution, everything has to add up!
Take care; reflect

Quality of prior information is important – consider manual re-refinement
- PDB-REDO is useful







Automated pipeline - LORESTR 

•  Efficiency of ProSMART-generated restraints greatly 
depends on the homologues used

•  If several homologues are available, substantial manual 
effort is required to find their optimal combination

•  Other refinement parameters (scaling, solvent, etc) also 
affect efficiency of the process

Solution:

LOw-REsolution STructure Refinement 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 



Automated pipeline - LORESTR 

Improves R-factors for 94% of cases in a 

test set fro
m the PDB 



Geometric restraints for protein / nucleic acids are pre-tabulated

Ligands are more complicated

Need a source of prior information

•  Common/known structures are dealt with automatically 
Ø  CCP4/REFMAC monomer library has pre-computed descriptions

•  New ligands require description (CIF file)
Ø  AceDRG

Restraints for Ligands 



AceDRG 
New atom types

Full 2nd order
neighbour-based
atom description 

(3rd order in some cases)

H1B:     H(CHHO)
  C9:     C[5,5,6](C[5,5]CHH)(C[5,6]CHH)(C[5,6]CHO)(H)
H1B:     H(CHHO)

AceDRG derives atom types from small molecular databases
These are tabulated, distributed as part of CCP4 for quick lookup



AceDRG 
Functionalities:

(1) Restraint Dictionary Generator
•  Uses restraint tables to generate restraints for given molecule
•  Inputs – mmCIF, SMILES, MDL/SDF, SYBIL/MOL2
•  Output – CIF - bond lengths, angles, torsions, planes, chiralities

(2) Conformer Generator
•  Generates coordinates from graph-based molecule description
•  Generates one of the lower-energy conformations
•  Refines conformation using Refmac
•  Output – PDB

(3) Link Creation
•  Creates link between two components
•  May be from the CCP4 monomer library, or custom CIFs
•  Separate operational mode – requires separate execution



Modelling Covalent Linkages 

PDB ID: 2q6f With AceDRG link dictionary:

•  Link between Cys[SG] and PJE[C20]
•  PJE[C20]-[C21] bond order changed from double to single
•  Various restraints in the local environment are changed - modifications



Modelling Covalent Linkages 

•  Link between Cys[SG] and PJE[C20]
•  PJE[C20]-[C21] bond order changed from double to single
•  Various restraints in the local environment are changed - modifications



Tools to help with model building and refinement:

REFMAC5: Refinement, jelly body restraints, map sharpening/blurring

ProSMART: External restraints, comparative analysis

LibG: Nucleic acid restraints

LORESTR: Automated low-resolution pipeline

AceDRG: Ligand dictionary and conformer generation

Coot: Visualisation & manipulation of restraints, map blurring
…also morphing, jiggle-fit, backrub rotamers…

Many tools are applicable to cryo-EM as well as MX

Summary 



Early stages (e.g. straight after MR)
•  Rigid body refinement
•  Jelly body – sometimes up to 200 cycles

Medium stages – during model building
•  Auto local NCS – wherever possible
•  External restraints (40 cycles) – homologue available
•  Otherwise, jelly body… but not together
•  H-bond and DNA/RNA restraints – no homologue available
•  Secondary structure conformation restraints – model building tool
•  Add hydrogens (?)

Medium-final stages 
•  TLS – at medium resolutions
•  Anisotropic B-factors – only at high resolution
•  Twin refinement – only if you are sure

Final stages of refinement
Jelly body – around 20 cycles

What and When 



Low-resolution	refinement	with	REFMAC5,	ProSMART,	LibG	&	LORESTR:	
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Tools	for	cryo-EM	model	fitting	&	refinement:	
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	Nicholls	(2017)	Ligand	fitting	with	CCP4.	Acta	Cryst.	D73,	158-170.	
	Emsley	(2017)	Tools	for	ligand	validation	in	Coot.	Acta	Cryst.	D73,	203-10.	
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Cooperative	utilisation	of	information	from	Xtal	and	NMR:	
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	 	Progress	in	nuclear	magnetic	resonance	spectroscopy.	92,	54-70.	

	

Effect	of	Twinning	on	R-factors:	
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	 	Appl.	&	Comp.	Math.,	10,	250-61.	
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